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® Verification of Osterwalder-Schrader Axioms = QFT
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@ Explicit conjectures identifying effective CFTs & scaling dimensions
’90 Zamolodchikov , ’90-'91 Klassen, Melzer , 00 Korff
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® Axiom 4 : Boost

OB, + Nen) = esoM 7 (p.)

All "mild" growth solutions — operator content

® Long history ("91-"14) of devising solutions

Zamolodchikov, Fring, Mussardo, Simonetti, Koubek, Lukyanov, Braznikov, Babujian, Karowski,
Zapetal ,Feigin, Lashkievich, Pugai, ...
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Truncated & smeared operators

® Smearing of fields

old] = [axg(x)0(x).  ge (=)
R

® Projection operators P, : ) — L2(R.)

P, f=(fo,fr,....,) = fr € L3(R])
@ Truncated smeared operators 0" [g] = P,0[g]

@ Truncated regularised correlation functions

(2061105 [ge] - O V[glQ), 1= (n.....n) € Nk
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® Mutually space-like supported f,g : (x — y)? < 0if x € supp[f] and y € supp[g]

(2.00110L1g12) = [axay WS, (x.y) f(x)9(y)

(R11)2
(W(OA?,OZ (x-y.0)

Formally,

(W£J1 2(X 0) = (Q’O1 (X)PNoz(O)Q)

@® Concatenation of integral kernels, x = (t, x)

N
(N) _ d"p im[x sinh(84)~t cosh
W', (x,0) = f @ )NM V(@ 8n) - MO (By: 0) ﬂ{em[Xs (Ba)-tcos (ﬁa)]}
froesin 701 ©2) 5
N BN) Py (Btiney)

N
® Symmetrise & deform RN — (]R + igsgn(x)) & boost invariance

N N
ng),oz(x,O) _ f(zi)ﬁN! ﬂ(f)‘)(ﬁfv)(”(o )CBN ) n{ —mr cosh(Ba) } = V2 2

RN a=



The per se two-point functions

® Full correlation functionsid =, Py
N>0

Woor (x,0) = > W

00! ) (x,0)
N=0

@ Explicit summand

w(o) (x.,0) f 'B Nﬁ{ —rcosh(Ba) } ]ﬂ[{e%mwa*ﬁb)}_

BN a=1 a#b

Kn [FJ;\,O)](ﬁNﬂ2 , Bn=(B1..-..n)
4 One-body confining potential r > 0
¢ Two-body interaction potential (0 <b< } and 6= 1 -1 )

w(1) = —4de sinh(xb)-sinh(xb) smh(% x) - cosh(x) ax

X - sinh?(x)

R

¢ Multi-body interactions

wlpdg) = 3 [ 11 - 1l T B gy

£nel0,1)N a<b a=1



The convergence estimates

Theorem ’20, K.

Assume that
M k
|p,(\,°)(ﬁN,t’N)| <clN. ]_[eCZ"Ba| for some Ci,Co > 0
a=1
Then, given any space-like x, one has the upper bound

it 0 oS08 )|

0.,0"

.

@ The V-x2 dependence is in the control on the remainder.
@ Decay is slightly sub-Gaussian : % term is irrelevant.
@ Fast convergence of form factor expansions

~> confirmation of numerical observations

@ Proof utilises concentration of measure estimates of N-fold integrals stemming from
RMT




Multi-point functions in purely space-like regime

@ Partial study of 3 & 4 pt fcts

’00 Balog, Niedermaier, Niedermayer, Patrascioiu, Seiler, Weisz,
’06 Caselle, Delfino, Grinza, Jahn, Magnoli , >17 Babujian, Karowski, Tsvelik
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@ Partial study of 3 & 4 pt fcts

’00 Balog, Niedermaier, Niedermayer, Patrascioiu, Seiler, Weisz,
’06 Caselle, Delfino, Grinza, Jahn, Magnoli , >17 Babujian, Karowski, Tsvelik

Theorem °25, K., Simon

Letgi,...,gk € CX(R1) satisfy for a < b
(Xb —Xa)? < 0 & Xga1 > Xp;1 forany Xc € supp[ge], c€[1; k].

Then, for r = (ry,...,rk—1) € Nk, it holds

(2.011g:10{"[ez] -+ 0 Vlau1e2) = [ ]‘[dxa ﬂga(xa) WK, Xe)
@11y« 31

.

@ Explicit integrand

Wr(x1.....x0) = (.0 (x1)0{ (x2) --- O (x1))



Preliminary notations

® Concatenated vector
y=W0tvm), F=01,..0m) w yUd =y, v, Om)

® Reflected vector

® Vector permutation
FO@Ud) = s(yud|duy)FOWBUY)
@ Uniform vectore = (1,...,1)

@® Macroscopic momentum

P&) = Y p(va), ¥ =70
a=1



The explicit integrand

Explicit density

k — — o
xS(y)- ﬂ;r(op)(y(pp—n U---Uy®) tix@,y*0) ... Uy(P+1p) )
p=1

@ Finite sum of convergent integrals
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The explicit integrand

Explicit density

k — — o
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@ Finite sum of convergent integrals
@ Summation domain
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The explicit integrand

Explicit density

k — == o
xS(y)- ﬂ;r(op)(y(pp—w U---Up®) L ire, y () U...uy@+P) )
p=1

@ Finite sum of convergent integrals
@ Summation domain

k P k(k-1
Ny = {n = (n21,n31,n32,n41,...,nkk,1) : Z Zﬂus =1Ip p:1,...,k—1}CN (2 )
u=p+1s=1
k
® Multifactorial ~ n! = [ [nga!
b>a

® Integration domain % = {R + in(ba>}”"“*, 0 < @) < BN < y3) < ... < plkk=1) « 1

k=1p-1
® S-matrix factor S(y) = n Hs(y(vu) U y(Ps) | y(Ps) y y(vu))

V>p u>s
p=3



Correlation functions

@ Correlation function > Z — totally space-like domains
reNk-1

K
(2.01(x1)02(x2) -+ Ok (x4)Q) = Z nlﬂ{fd”bay ba)} ﬂ{e‘P(V(bE))*Xba]

neN?k(k 1) b>a Cpa b>a

k —
y)- l‘[r,r(p)(y(pp—w U--UyP) 1 ire,y*e) ... Uy p+1p) )
=1



Correlation functions

@ Correlation function > Z — totally space-like domains
reNk-1

K
(2.01(x1)02(x2) -+ Ok (x4)Q) = Z nlﬂ{fd”bay ba)} ﬂ{e‘P(V(bE))*Xba]

neiiik(k 1) b>a Cpa b>a

k —
y)- l‘[r,r(p)(y(pp—w U--UyP) 1 ire,y*e) ... Uy p+1p) )
=1

@ Convergence ?



Correlation functions

@ Correlation function > Z — totally space-like domains
reNk-1

k
(2.01(x1)02(x2) - Ok (x1)Q) = > nl[‘[{ f dnbayba>} [ (e xos)

neIIEk(k 1) b>a Cpa b>a

k —
7). nf(p)(y(pp—ﬂ U---UyP) 4 ize, y(0) ... UyP+1P) )
=1

@ Convergence ?

@ ’24 Guionnet, K., Little Concentration of measure for complex valued S-ensemble
oscillatory integrals
— first step to attack the problem



Wightman axioms & local commutativity

® Most Wightmann axioms are "built-in" by construction
~v» local commutativity is the only difficult to check
® 89, Kirillov, Smirnov Weak local commutativity for space-like x —y : (x — y)? < 0

(f, [0y (x),Og(y)]g) =0 with f,g € h smooth compactly supported.

Based on hypothesis of operator product convergent
~» OK with concentration of measure



Wightman axioms & local commutativity

® Most Wightmann axioms are "built-in" by construction
~v» local commutativity is the only difficult to check
® 89, Kirillov, Smirnov Weak local commutativity for space-like x —y : (x — y)? < 0

(f, [0y (x),Og(y)]g) =0 with f,g € h smooth compactly supported.

Based on hypothesis of operator product convergent
~> OK with concentration of measure

Theorem °25, K., Simon

Assume that the series expensions are convergent. Then, (Q, ®[g1]--- ¢[gk]ﬂ) satisfy
the Wightman axioms, in particular local commutativity.

If (xs = Xs11)% < O forany (Xs,Xst1) € supp[gs] X supp[gs1]

(2.0[g1] -+ ®[gx]Q) = (2. ®[g1] -+ ®[gs 1] - D[gs] -+ - P[gK] Q)




IV) Beyond Sinh & Open problems



Beyond Sinh & Open problems

More general models

v Throng of solutions to Yang-Baxter equation = S-matrices of IQFTs

— Sine-Gordon, Toda field theories, ...

v Particle content, form factors (off-shell Bethe Ansatz)



Beyond Sinh & Open problems

More general models

v Throng of solutions to Yang-Baxter equation = S-matrices of IQFTs

— Sine-Gordon, Toda field theories, ...

v Particle content, form factors (off-shell Bethe Ansatz)

Open problems
@ Convergence of multi-point representations.
@ Multi-point functions & Wightmann in more complex models.
~» presence of bound states ?
@ Extraction from closed formulae of UV behaviour
~> prove the Lukyanov conjecture.

@ ldentification with other construction of Sinh-Gordon (GMC, constr. QFT).
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