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QUANTUM FIELD THEORY

@ QFT is the basis of our understanding of high energy physics (Standard Model of
elementary particles), condensed matter (metals, superconductivity etc) and (in part)
statistical physics (phase transition, Ising, Dimers etc) are based on QFT methods.
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QUANTUM FIELD THEORY

@ QFT is the basis of our understanding of high energy physics (Standard Model of
elementary particles), condensed matter (metals, superconductivity etc) and (in part)
statistical physics (phase transition, Ising, Dimers etc) are based on QFT methods.

@ Spectacular achievements. The Standard Model predicts a deviation of the magnetic
moment g of the electron from the value predicted by Dirac (1928), g = 2 depending
on the detailed structure of forces (EM, Weak Strong) a = (g — 2)/2

a." = 0.00115965218178 at™” =0.00115965218059(13)

If one measured with this accuracy the distance between Los Angeles and New York, it
would be exact to the precision of a human hair (Feynman).
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elementary particles), condensed matter (metals, superconductivity etc) and (in part)
statistical physics (phase transition, Ising, Dimers etc) are based on QFT methods.
Spectacular achievements. The Standard Model predicts a deviation of the magnetic
moment g of the electron from the value predicted by Dirac (1928), g = 2 depending
on the detailed structure of forces (EM, Weak Strong) a = (g — 2)/2

a." = 0.00115965218178 at™” =0.00115965218059(13)

If one measured with this accuracy the distance between Los Angeles and New York, it
would be exact to the precision of a human hair (Feynman).

However the mathematical basis of such achievements are still unclear. Divergences,
truncation of series non convergent and even not asymptotic (triviality)
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@ QFT is the basis of our understanding of high energy physics (Standard Model of
elementary particles), condensed matter (metals, superconductivity etc) and (in part)
statistical physics (phase transition, Ising, Dimers etc) are based on QFT methods.

@ Spectacular achievements. The Standard Model predicts a deviation of the magnetic
moment g of the electron from the value predicted by Dirac (1928), g = 2 depending
on the detailed structure of forces (EM, Weak Strong) a = (g — 2)/2

a." = 0.00115965218178 at™” =0.00115965218059(13)

If one measured with this accuracy the distance between Los Angeles and New York, it
would be exact to the precision of a human hair (Feynman).

@ However the mathematical basis of such achievements are still unclear. Divergences,
truncation of series non convergent and even not asymptotic (triviality)

@ Parallelism with the controversies (Berkeley 1734, Maclaurin 1742,..) on Newton
analysis, fluxions, infinitesimals ”"the ghosts of departed quantites”, diverging series,
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BASIC CONCEPTS OF QFT

REVIEW OF CONSTRUC



EucLIDEAN QFT AND U.V. OR I.R. PROBLEMS

@ In (Euclidean) QFT the observables are written as probabilistic averages over field
(bosons or fermions) configurations; this comes form the Feynman ”path integral”
(replacing classical least action principle) plus Wick rotation to imaginary time.
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EucLIDEAN QFT AND U.V. OR I.R. PROBLEMS

@ In (Euclidean) QFT the observables are written as probabilistic averages over field
(bosons or fermions) configurations; this comes form the Feynman ”path integral”
(replacing classical least action principle) plus Wick rotation to imaginary time.

@ Fields defined on a lattice with step a (1/a uv cut-off) and side L (i.r. cut-off).
Important limits are the infinite volume (i.r. problem) or the continuum (u.v.
problem).
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@ In (Euclidean) QFT the observables are written as probabilistic averages over field
(bosons or fermions) configurations; this comes form the Feynman ”path integral”
(replacing classical least action principle) plus Wick rotation to imaginary time.

@ Fields defined on a lattice with step a (1/a uv cut-off) and side L (i.r. cut-off).
Important limits are the infinite volume (i.r. problem) or the continuum (u.v.
problem).

@ The lattice is a regularization for HEP, while it is the physical ionic lattice in cond.
mat.; hence certain metals are physical regularizations of HEP models. The IR limit
is the suitable one for cond. mat. or stat. phys. The UV limit is the relevant for HEP.
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(replacing classical least action principle) plus Wick rotation to imaginary time.

@ Fields defined on a lattice with step a (1/a uv cut-off) and side L (i.r. cut-off).
Important limits are the infinite volume (i.r. problem) or the continuum (u.v.
problem).

@ The lattice is a regularization for HEP, while it is the physical ionic lattice in cond.
mat.; hence certain metals are physical regularizations of HEP models. The IR limit
is the suitable one for cond. mat. or stat. phys. The UV limit is the relevant for HEP.

@ The UV limit is believed to exists for the strong sector of the SM (QCD) but not for
the Electroweak sector (EW) or for QED.
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EucLIDEAN QFT AND U.V. OR I.R. PROBLEMS

@ In (Euclidean) QFT the observables are written as probabilistic averages over field
(bosons or fermions) configurations; this comes form the Feynman ”path integral”
(replacing classical least action principle) plus Wick rotation to imaginary time.

@ Fields defined on a lattice with step a (1/a uv cut-off) and side L (i.r. cut-off).
Important limits are the infinite volume (i.r. problem) or the continuum (u.v.
problem).

@ The lattice is a regularization for HEP, while it is the physical ionic lattice in cond.
mat.; hence certain metals are physical regularizations of HEP models. The IR limit
is the suitable one for cond. mat. or stat. phys. The UV limit is the relevant for HEP.

@ The UV limit is believed to exists for the strong sector of the SM (QCD) but not for
the Electroweak sector (EW) or for QED.

@ Effective viewpoint in HEP: 1/a should be kept finite and large enough so that its
effects produce undetectable corrections at the experimental enegies, that is there is a
maximum energy scale at which the theory is valid.
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QFT: Bosons

@ Correlations or Schwinger functions (regularized), from which observables are derived
- [ P(d®)e VD, .0,

" [ P(d®)e=V(®)

where z € A lattice A = aZ% N[0, L]¢, a the lattice step. The partition function Z is

the denominator; effective potential e~ Ve(®) = [ P(d®)e~V(®+®) .generating function
eW(®) — [ P(d®)e~ V(®)+(2,®)

< By, .. B,
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QFT: Bosons

@ Correlations or Schwinger functions (regularized), from which observables are derived

P(d®)e VDo, ..P,
<®,..0, >= J Pld®)e e
[ P(d®)e=V(®)
where z € A lattice A = aZ% N [0, L]%, a the lattice step. The partition function Z is
the denominator; effective potential e~ Ve(*) = [ P(d®)e~V(®+®) generating function
eW(®) — [ P(d®)e~ V(2)+(2,®)

° In the Bosonic case (® = ¢), ¢, € R, P(d¢) is a Gaussian measure. Example lattice
4, where P(d¢) = [, dos (0128 S, (- A+mo) |V = qd 3 (Mt + 962, A > 0.
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QFT: Bosons

@ Correlations or Schwinger functions (regularized), from which observables are derived
P(d®)e VD, ..®
< By By, >= J Pld®)e AN
[ P(d®)e=V(®)
where z € A lattice A = aZ% N [0, L]%, a the lattice step. The partition function Z is
the denominator; effective potential e~ Ve(*) = [ P(d®)e~V(®+®) generating function
eW(®) — [ P(d®)e~ V(®)+(2,®)
@ In the Bosonic case (<I> ®), ¢z € R, P(d¢) is a Gaussian measure. Example lattice
4 where P(d¢) = - 1, dos Y SRR ENE Y — 0?3, 2% + 262, A > 0.
@ E(¢gy - Oz,) = ZWH (i.jyex 9(i, 2j) Wick rule, g(k) = (Zz‘:l(l — cos kla)/a +m?)~!
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QFT: Bosons

@ Correlations or Schwinger functions (regularized), from which observables are derived
P(d®)e VD, ..®
<Dy B,, >= J Pld®)e AN
[ P(d®)e=V(®)
where z € A lattice A = aZ% N [0, L]%, a the lattice step. The partition function Z is
the denominator; effective potential e~ Ve(*) = [ P(d®)e~V(®+®) generating function
eW(®) — [ P(d®)e~ V(®)+(2,®)
° In the Bosonic case (® = ¢), ¢, € R, P(d¢) is a Gaussian measure. Example lattice

i where P(d¢) = 4[], dés D SRR N — 0?3, 2% + 262, A > 0.

° 5((]5901 D) =D 0 H (i.jyex 9(i, 2j) Wick rule, g(k) = (Zizl(l — cos kza)/a +m?)~!
e Z=NY >, i,S (V™) and E(V™) by Wick rule; useful to represent as non connected
Feynman graphs; log Z only connected diagrams "Feynman’s diagrammatic method

made it possible for anyone to do quantum field theory” (Schwinger)”
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QFT: Bosons

@ Correlations or Schwinger functions (regularized), from which observables are derived

P(d®)e VD, ..®
<Dy B,, >= J Pld®)e AN
[ P(d®)e=V(®)
where z € A lattice A = aZ% N[0, L]¢, a the lattice step. The partition function Z is

the denominator; effective potential e~ Ve(®) = [ P(d®)e~V(®+®) .generating function
eW(®) — [ P(d®)e~ V(®)+(2,®)

° In the Bosonic case (® = ¢), ¢, € R, P(d¢) is a Gaussian measure. Example lattice

i where P(d¢) = 4[], dés D SRR N — 0?3, 2% + 262, A > 0.

° 5((]5901 bz,) = 25 [ (5.yen 9(i, 7;) Wick rule, g(k) = (Zizl(l — Cos kza)/a +m?)~!
e Z=NY >, i,S (V™) and £(V™) by Wick rule; useful to represent as non connected
Feynman graphs; log Z only connected diagrams "Feynman’s diagrammatic method
made it possible for anyone to do quantum field theory” (Schwinger)”

@ Pure bosonic theries; Higgs, pure YM, Ising models in d > 3, ¢*....
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QFT: FERMIONS

@ In the Fermionic case (® = 1) then v, 1, are Grassmann variables

{@Dazad}y} = {@Z_}xad_}y} = {@Z}xﬂwzy} and f dq/}mdd_)x =0, f d%d%(%%) =1
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QFT: FERMIONS

@ In the Fermionic case (® = 1) then v, 1, are Grassmann variables

(Yo} = {¥0, ¥y} = {¥0, ¥y} and [ depadipy = 0, [ dipudips(Puihs) = 1.
@ Fermionic theories: Fermi model, models for conduction electrons (Hubbard or BCS
model), 2d Ising or dimers, 6V or 8V.
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QFT: FERMIONS

@ In the Fermionic case (® = 1) then v, 1, are Grassmann variables
{@Dx,d’y} = {@Z_}xad_}y} = {@Z}xﬂ;y} and f dd}mdz/_)x =0, f d@bxd&m(&z@bx) =L

@ Fermionic theories: Fermi model, models for conduction electrons (Hubbard or BCS
model), 2d Ising or dimers, 6V or 8V.

@ Example Regularized Fermi model in d =4 (similar in d = 2, 3)

(d¢ N H d¢md1/) e—a4Z >e TZ’T(D@ZM)) V = >‘b Zjﬂﬂjﬂvx

(DY), = Zy D, 1y is the lattice Dirac derivative, in Fourier space

(g(k))~t = %Zu(fm sin p,a + 2sin? ap, /2 + my),p = 0, 1,2, 3 where ~,, are the gamma
matrices and j, , = J’u,w%ﬂﬁuw? Wilson term 2 sin? apu/2 to cure the fermion doubling
due to the extra poles in addition to 0. Formal ” [ Dipe— J dz(P@+m)v—Ajuju
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QFT: FERMIONS

@ In the Fermionic case (® = 1) then v, 1, are Grassmann variables
{@bx,d’y} = {@Z_}xad_}y} = {@Z}xﬂ;y} and f dd}md?/_)x =0, f d@bxd&m(&z@bx) =L

@ Fermionic theories: Fermi model, models for conduction electrons (Hubbard or BCS
model), 2d Ising or dimers, 6V or 8V.

@ Example Regularized Fermi model in d =4 (similar in d = 2, 3)

(d¢ N H d¢md1/) e—a4Z >e %(D%)) V = >‘b Zjﬂﬂjﬂvx

(DY), = Zy D, 1y is the lattice Dirac derivative, in Fourier space

(g(k))~t = %Zu(fm sin p,a + 2sin? ap, /2 + my),p = 0, 1,2, 3 where ~,, are the gamma
matrices and j, , = J’u,w%ﬂﬁuw? Wilson term 2 sin? apu/2 to cure the fermion doubling
due to the extra poles in addition to 0. Formal ” [ Dipe— J dz(P@+m)v—Ajuju

® E(T1; Yutys) = €n [1(i.5yex 9(i, yj), where e is the sign of the permutation.
Again by this a perturbative expansion is obtained.
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QFT: BoSON-FERMION

@ QFT for boson-fermion systems: QED, Electroweak theory, QCD. Ex. regularized
massive QEDy(or in d = 2,3) (mass could be generated by Higgs), ® = v, ¢

P(d®) = P(di))P(dA) P(dA) = HdA o= @2 T A () T A )

with ?];i,,(k) = (5”,1/ + Ou oy) oy = (ewua _ 1)/@.

1 1
ZA |0.|2+M2 M2
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QFT: BoSON-FERMION

@ QFT for boson-fermion systems: QED, Electroweak theory, QCD. Ex. regularized
massive QEDy(or in d = 2,3) (mass could be generated by Higgs), ® = v, ¢

P(d®) = P(dy)P(dA) P(dA) = HdA o= @2 T A () T A )

with gﬁy(k) = ﬁm(%,u i G’M02'u) o= (ePrne —1)/a.

@ The interaction V is obtained replacing in the exponent of P(di) in each bilinear

— — S A
term Yyte, s a term Y e, (ei“’b VZiadus Dy
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QFT: BoSON-FERMION

@ QFT for boson-fermion systems: QED, Electroweak theory, QCD. Ex. regularized

massive QEDy(or in d = 2,3) (mass could be generated by Higgs), ® = v, ¢

P(d®) = P(dy)P(dA) P(dA) = j%[ [ ddze % o 2 A At)

with g1, (k) = Fr s (G + %5), 04 = (€70 = 1)/a.

The interaction V is obtained replacing in the exponent of P(dv) in each bilinear

- " tieyy/ZfaAy .
term 9 e, a term 4., (e B AU I B TT/N
Formally * [ DyDAe ! A% (P Pt g M2 A A G4 e 4,0 560 A7)
invariance under ¢ — e’ implies 95, = 0 (current conservation); if m = 0
P — e implies 8]'2 = 0 (axial current conservation) jfj = Pyuysv. € is the Gauge
fixing parameter: physical observables are ¢ independent (hence one can add the &).
If M = ¢ =0 invariant under A, , — A, + 0,0, Yy — Yye™ (Gauge invariance).
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QFT: BoSON-FERMION

(1-8au0y

Eol222) OF

@ We can add a £ term to the lattice model so the the longitudinal part is
(1*1/5)@%) in @;‘y(k‘)

(G
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QFT: BoSON-FERMION

(1-8au0y

Eol222) OF

@ We can add a £ term to the lattice model so the the longitudinal part is
(1*1/5)@%) in @;‘y(k‘)

(lo]?

o In tlr‘le‘ lattice model by ¥, — €™ 1), we get W(J,¢) = W(J + 0a, o) (W
generating function) from which we get Ward Identites (WI) expressing the
conservation of the current p, < juj, >= 0 or p, < juyp >=< ¢ > — < htp > .
They imply that expectations are &-independent. In the M # 0 setting £ = 1-non
contributions of longitudinal modes (essential for renormalizabulity, reduction of

degree of divergence as in SM). For M = 0 it allows to define the propagator.
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QFT: BoSON-FERMION

(1=€)Gu0y

(Eofz+i12) OF

@ We can add a £ term to the lattice model so the the longitudinal part is
(1*1/5)@%) in @;‘y(k‘)

(lo]?

o In tlr‘le‘ lattice model by ¥, — €™ 1), we get W(J,¢) = W(J + 0a, o) (W
generating function) from which we get Ward Identites (WI) expressing the
conservation of the current p, < j,j, >= 0 or p, < j,ﬂﬁw S=< P > — < Pip > .
They imply that expectations are &-independent. In the M # 0 setting £ = 1-non
contributions of longitudinal modes (essential for renormalizabulity, reduction of
degree of divergence as in SM). For M = 0 it allows to define the propagator.

@ With other regularizations not true, like momentum there is no WI and ¢
independence. WI and ¢ independence are crucial for physical significance.
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QFT: BoSON-FERMION

(1=€)Gu0y

(Eofz+i12) OF

@ We can add a £ term to the lattice model so the the longitudinal part is
(1*1/5)@%) in @;‘y(k‘)

(lo]?

o In tlr‘le‘ lattice model by ¥, — €™ 1), we get W(J,¢) = W(J + 0a, o) (W
generating function) from which we get Ward Identites (WI) expressing the
conservation of the current p, < j,j, >= 0 or p, < j,ﬂﬁw S=< P > — < Pip > .
They imply that expectations are &-independent. In the M # 0 setting £ = 1-non
contributions of longitudinal modes (essential for renormalizabulity, reduction of
degree of divergence as in SM). For M = 0 it allows to define the propagator.

@ With other regularizations not true, like momentum there is no WI and ¢
independence. WI and £ independence are crucial for physical significance.

@ If m = 0 Axial current is not conserved chiral anomalies ﬁujg = lg%swpaF v Fpo. In
EW sector the interaction is chiral(mass must be generated by Higgs) and it is not
known a regularization ensuring WI and £ independence; it should exist only for
certain parameters (anomaly canc. cond.). Yang-Mills extension to SU(n).
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RENORMALIZATION 1

@ A natural (historically) starting point is to consider the formal limit L = 1/a = oo
and write the observables P(ep) as P = Py + epPi+ =), g P} g Feynman diagram.
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RENORMALIZATION 1

@ A natural (historically) starting point is to consider the formal limit L = 1/a = oo
and write the observables P(ep) as P = Py + epPi+ =), g P} g Feynman diagram.

@ Diverging integrals Pj = co. One needs to restore an u.v. cut-off A, not necessarely
the lattice P(ep, A); can be momentum cut-off or dimensional one d =4 — ¢.
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RENORMALIZATION 1

@ A natural (historically) starting point is to consider the formal limit L = 1/a = oo
and write the observables P(ep) as P = Py + epPi+ =), g P} g Feynman diagram.

@ Diverging integrals Pj = co. One needs to restore an u.v. cut-off A, not necessarely
the lattice P(ep, A); can be momentum cut-off or dimensional one d =4 — ¢.

@ Renormalization Bethe Feynman Dyson ...~ 1950. The interaction modifies also the
bare coupling eq(ep, A) = e + e2az(A) + .., and what we really measure are the
dressed coupling e4. Inverting order by order ey(eq, A) and inserting
P(ey(eq, A),A) = eqPr(A) + €3 Po(A) + ... If P;(A) is finite as A — oo truncating one
gets numbers. This is possible only in a class of QFT called Renormalizabile.

VIERI MASTROPIETRO (UNIVERSITY OF ROME-ACCADE CRITICAL REVIEW OF CONSTRUCTIVE QFT APRIL 28, 2026 9/45



RENORMALIZATION 1

A natural (historically) starting point is to consider the formal limit L = 1/a = 0o
and write the observables P(ep) as P = Py + epPi+ =), g P} g Feynman diagram.
Diverging integrals Pj = co. One needs to restore an u.v. cut-off A, not necessarely
the lattice P(ep, A); can be momentum cut-off or dimensional one d =4 — ¢.
Renormalization Bethe Feynman Dyson ...~ 1950. The interaction modifies also the
bare coupling eq(ep, A) = e + e2az(A) + .., and what we really measure are the
dressed coupling e4. Inverting order by order ey(eq, A) and inserting

P(ey(eq, A),A) = eqPr(A) + €3 Po(A) + ... If P;(A) is finite as A — oo truncating one
gets numbers. This is possible only in a class of QFT called Renormalizabile.
Criterion of renormalizability by the degree of divergence (power counting) Dy,
associated to to ®™ in V. of order n; if is independent on n is renormalizable. Non
trivial to prove at any order Bogolubov 1957, Hepp 1966. In ¢* Dy, n =
(d—4)n+d—(d—2)ne/2 If d =4 renormalizable (d < 3 superrin, d > 5 non-rin).
Fermi model Dy, , = (d —2)n+ d — (d — 1)n./2; non ren in d =4, 3, ren in d = 2.
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RENORMALIZATION 2

@ In realistic models (as QED or the Standard Model) renormalizability is not simply
given by power counting.
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RENORMALIZATION 2

@ In realistic models (as QED or the Standard Model) renormalizability is not simply
given by power counting.

@ If M # 0 massive QED4 one would get a non renormalizable theory; the WI and &
independence produce a Reduction of degree of divergence, as the k,k,/M?(k* + M?)
in g4 does not contribute; from non renormalizable to renormalizable
D=4—3nY/2 - nA.
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RENORMALIZATION 2

@ In realistic models (as QED or the Standard Model) renormalizability is not simply
given by power counting.

@ If M # 0 massive QED4 one would get a non renormalizable theory; the WI and &
independence produce a Reduction of degree of divergence, as the k,k,/M?(k* + M?)
in g4 does not contribute; from non renormalizable to renormalizable
D=4—3nY/2 - nA.

@ In addition (both in massless or massive QED) renormalizability requires the validity
of relations between the bare parameters (like Z./Z, = 1), expressed by complicate
series.
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RENORMALIZATION 2

@ In realistic models (as QED or the Standard Model) renormalizability is not simply
given by power counting.

@ If M # 0 massive QED4 one would get a non renormalizable theory; the WI and &
independence produce a Reduction of degree of divergence, as the k,k,/M?(k* + M?)
in g4 does not contribute; from non renormalizable to renormalizable
D=4—3nY/2 - nA.

@ In addition (both in massless or massive QED) renormalizability requires the validity
of relations between the bare parameters (like Z./Z, = 1), expressed by complicate
series.

@ In the case of chiral models like the EW sector of the SM the fermion mass breaks
WI; need to introduce Higgs. In addition WI broken by anomalies.Renormalizability
(t’Hofft 1971) only if there is anomaly cancellation (Hyliooulos et 1974).
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RENORMALIZATION 2

@ In realistic models (as QED or the Standard Model) renormalizability is not simply
given by power counting.

@ If M # 0 massive QED4 one would get a non renormalizable theory; the WI and &
independence produce a Reduction of degree of divergence, as the k,k,/M?(k* + M?)
in g4 does not contribute; from non renormalizable to renormalizable
D=4—3nY/2 - nA.

@ In addition (both in massless or massive QED) renormalizability requires the validity
of relations between the bare parameters (like Z./Z, = 1), expressed by complicate
series.

@ In the case of chiral models like the EW sector of the SM the fermion mass breaks
WI; need to introduce Higgs. In addition WI broken by anomalies.Renormalizability
(t’Hofft 1971) only if there is anomaly cancellation (Hyliooulos et 1974).

@ True with charges (0,—1,2/3,—1/3) if there is the anomaly non-renormalization
(Adler-Bardeen 1966). Explainy why proton and electron exactly opposite charges.
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PERTURBATIVE SERIES

@ At the end if renormallizability is present one can compute and get finite quantities
by truncation. For instance the contribution of the Electroweak (EW) theory to g is

(e electric charge, g, weak constant, a = e?/hc ~ 1/137)apy = > mm=1 Anme"gy
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PERTURBATIVE SERIES

@ At the end if renormallizability is present one can compute and get finite quantities
by truncation. For instance the contribution of the Electroweak (EW) theory to g is

(e electric charge, g, weak constant, a = e?/hc ~ 1/137)apy = > mm=1 Anme"gy
2 g2 A
(*] A2’0€2 = % A4’064 = —(%)20.328..., AO,Qg?V = az1+ Gw,1, Gz1 = %%B with B

a function of My /Mz; m electron mass; Aj o Schwinger (1948), Az Sommerfeld
(1958), Ag 2 Jackiw Weinberg (1972),...Aoyoama (2012) 10-th order. Feynman graphs.
(Why is the truncation justified?)

e

T T
AN >
:’@W\ AN ACN
T W T

g0 g8 /74
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RENORMALIZATION GROUP

@ RG provides a different scheme for QFT (but most computations like g — 2 are done
by pert theory) Wilson 1971. Integrate ® in a multiscale way.

Go(k) = S0 gh(k) = g5~ (k) with g (k) = fi(k)ge (k), g"(K) ~ [k~ fu(k)

smooth non vanishing for cy"~! < [k| < ecy"* for A< N -1,y > 1

/ P(d®)e V™) = / P(d®<") / P(dBN)em V@M _ / (dB<N)e V@) _

VN is sum of monomials in ¢<¥ integrated over non local kernels; iterating V"

VIERI MASTROPIETRO (UNIVERSITY OF ROME-ACCADE CRITICAL REVIEW OF CONSTRUCTIVE QFT APRIL 28, 2026



RENORMALIZATION GROUP

@ RG provides a different scheme for QFT (but most computations like g — 2 are done
by pert theory) Wilson 1971. Integrate ® in a multiscale way.

Go(k) = S0 gh(k) = g5~ (k) with g (k) = fi(k)ge (k), g"(K) ~ [k~ fu(k)

smooth non vanishing for cy"~! < [k| < ecy"* for A< N -1,y > 1

/P(d(I))e_V(q’) :/P(d<I><N)/P(d<I>N) —v@esteh) _ / (do<Nye VN @ —

VN is sum of monomials in ¢<¥ integrated over non local kernels; iterating V"
@ By (approximate) scale invariance the field with cut-off at scale h <I><h(:1:) is
essentially distributed as v~ N(d=a)/2 =N (y(h=N)z) hence (O, ~ ¢"Y™)

i dzO="_ behaves as ~(h=N)Dngn,, [ de% o with Dy, = d ( )n¢ _ (d-1)

Ty, o)
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RENORMALIZATION GROUP

@ RG provides a different scheme for QFT (but most computations like g — 2 are done
by pert theory) Wilson 1971. Integrate ® in a multiscale way.

Go(k) = S0 gh(k) = g5~ (k) with g (k) = fi(k)ge (k), g"(K) ~ [k~ fu(k)

smooth non vanishing for cy"~! < [k| < ecy"* for A< N -1,y > 1

/ P(d®)e V™) = / P(d®<") / P(dBN)em V@M _ / (dB<N)e V@) _

VN is sum of monomials in ¢<¥ integrated over non local kernels; iterating V"

@ By (approximate) scale invariance the field with cut-off at scale h ®<(z) is
essentially distributed as ~(h—N)(d=)/2 <I><N('y(h*N)x) hence (Op,pm ~ ¢"P™)
i de% n, Dehaves as -y ~ (A=) Dng iy [ dzO=N,  with D =d— (d 2) N — @

N, )y Ny M)~
@ The terms with D%:nw > 0 are increased relevant; if D%:”w

irrelevant; if unchanged by this scaling argument marginal.

Ty

< 0 are decreased
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RENORMALIZATION GROUP

@ The integration of the field ®" is done separating the irrelevant terms from the
others, and writing the marginal or relevant terms as local ones; quadratic inserted in
gaussian part

/P(d@)ev(q)) :/p(d@ﬁh)ellV(<1><h)RV(q><h)

where P(d®=") has modified parameters (e.g. my, Z), LV (®=") are the non
irrelevant interaction with different coupling v, running coupling constant rcc, and
R V(<I>(<h)) s sum of irrelevant monomials and are typically non local and integrated
over kernels Sequence of effective theories living at different energy scales with
different physical parameters rcc .
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RENORMALIZATION GROUP

@ The integration of the field ®" is done separating the irrelevant terms from the
others, and writing the marginal or relevant terms as local ones; quadratic inserted in
gaussian part

/P(d@)ev(q)) :/p(d(I)Sh)6£V(<I><h)RV(q><h)

where P(d®=") has modified parameters (e.g. my, Z), LV (®=") are the non
irrelevant interaction with different coupling v, running coupling constant rcc, and
R V(<I>(<h)) s sum of irrelevant monomials and are typically non local and integrated
over kernels Sequence of effective theories living at different energy scales with
different physical parameters rcc .

@ In HEP one choosen parameters at scale N to have a fixed value at scale 0 (chosen by
experiments). In cond mat one starts from N = 0. The irrelevant terms decrease but
have anyway a crucial role.
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RENORMALIZATION GROUP

@ In a non-renormalizable theory like Fermi theory d = 4, Dy = —2 the coupling
decrease as \yy2"~N) s0 if Ay = A\g = O(1) then Ay = O(Agv*"), hence maximal
cut-off 72N ~ 1/Ag. In cond mat N = 0 Aj, becomes smaller and smaller 7 < 0. In a
superrenormalizable (like ¢3) Dy = 1 the coupling increases as Aoy~ (—N) hence then
Mg = Ao = O(AgYN), hence Ay = O(\py ).
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@ In a non-renormalizable theory like Fermi theory d = 4, Dy = —2 the coupling
decrease as \yy2"~N) s0 if Ay = A\g = O(1) then Ay = O(Agv*"), hence maximal
cut-off 72N ~ 1/Ag. In cond mat N = 0 Aj, becomes smaller and smaller 7 < 0. In a
superrenormalizable (like ¢3) Dy = 1 the coupling increases as Aoy~ (—N) hence then
Mg = Ao = O(AgYN), hence Ay = O(\py ).

@ In the renormalizable models the effective couping are marginal D = 0. It is driven by
a relation called Beta function. It can be marginally relevant , marginally irrelevant,
marginally marginal (increase, decrease, constant).
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RENORMALIZATION GROUP

@ In a non-renormalizable theory like Fermi theory d = 4, Dy = —2 the coupling
decrease as \yy2"~N) s0 if Ay = A\g = O(1) then Ay = O(Agv*"), hence maximal
cut-off 72N ~ 1/Ag. In cond mat N = 0 Aj, becomes smaller and smaller 7 < 0. In a
superrenormalizable (like ¢3) Dy = 1 the coupling increases as Aoy~ (—N) hence then
Mg = Ao = O(AgYN), hence Ay = O(\py ).

@ In the renormalizable models the effective couping are marginal D = 0. It is driven by
a relation called Beta function. It can be marginally relevant , marginally irrelevant,
marginally marginal (increase, decrease, constant).

@ QED or ElectrOWQeak marginally irrelevant, by sign of second order beta function and

2 2 €d

ey = €5~ -, hence one needs a maximal allowed cut-off vV which is

(3
1—log(y¥) 6:2

0(6552). Cut-off fixed but high a ~ 1/137.
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RENORMALIZATION GROUP

@ In a non-renormalizable theory like Fermi theory d = 4, Dy = —2 the coupling
decrease as \yy2"~N) s0 if Ay = A\g = O(1) then Ay = O(Agv*"), hence maximal
cut-off 72N ~ 1/Ag. In cond mat N = 0 Aj, becomes smaller and smaller 7 < 0. In a
superrenormalizable (like ¢3) Dy = 1 the coupling increases as Aoy~ (—N) hence then
Mg = Ao = O(AgYN), hence Ay = O(\py ).

@ In the renormalizable models the effective couping are marginal D = 0. It is driven by
a relation called Beta function. It can be marginally relevant , marginally irrelevant,
marginally marginal (increase, decrease, constant).

@ QED or Electroweak marginally irrelevant, by sign of second order beta function and
2 — 2 e
N — *~d 2
1-log(v"V) %
0(6552). Cut-off fixed but high a ~ 1/137.
@ In QCD the beta function has the opposite sign and the bare coupling — 0 as

N — oco. Asymptotic Freedom. There the cut-off could be removed.

, hence one needs a maximal allowed cut-off ¥V which is
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A SHORT RECAP

@ Infinities require the introduction of cut-off, to be removed or at least very large.
Relation between renormalizability and cut-off; in a renormalizable theory the cut-off
could be exponentally high while in a non renormalizable is large as a power of the
inverse coupling.
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A SHORT RECAP

@ Infinities require the introduction of cut-off, to be removed or at least very large.
Relation between renormalizability and cut-off; in a renormalizable theory the cut-off
could be exponentally high while in a non renormalizable is large as a power of the
inverse coupling.

@ Fermi theory (”"Tentativo” 1934) is non-renormalizable. For cut-off smaller than
inverse coupling is well defined and predicitive; estimates of the convergence rate
leads to the predicition of cham (Glashow, liopoulos Maiani 1970). (Indeed the series
are indeed analytic!)
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A SHORT RECAP

@ Infinities require the introduction of cut-off, to be removed or at least very large.
Relation between renormalizability and cut-off; in a renormalizable theory the cut-off
could be exponentally high while in a non renormalizable is large as a power of the
inverse coupling.

@ Fermi theory (”"Tentativo” 1934) is non-renormalizable. For cut-off smaller than
inverse coupling is well defined and predicitive; estimates of the convergence rate
leads to the predicition of cham (Glashow, liopoulos Maiani 1970). (Indeed the series
are indeed analytic!)

@ QED is renormalizable. Dyson (1949), Tomonaga Schwinger Feynman. One could
reach exponentially high cut-off (no asymptotic fredom). Renormalizability due to
Ward Identities. Need relations between rcc; WI broken by several RG scheme or
momentum regularizations. Impressive g — 2 prediction.
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A SHORT RECAP

@ Weak forces; adding electron and boson mass ”by hands” breaks renormalizability
and WI (due to chiral forces). Electroweak theory Weinberg (1967), mass generated
by Higgs. Renormalizability 't Hooft (1971); crucial that the longitudinal part cancel
(decrease of divergence degree). True only if anomalies cancel Bouchiat, Iliopoulos,
Meyer (1972) based on Adler-Bardeen theorem (1967). Not known regularization
ensuring WI at cut-off finite.
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A SHORT RECAP

@ Weak forces; adding electron and boson mass ”by hands” breaks renormalizability
and WI (due to chiral forces). Electroweak theory Weinberg (1967), mass generated
by Higgs. Renormalizability 't Hooft (1971); crucial that the longitudinal part cancel
(decrease of divergence degree). True only if anomalies cancel Bouchiat, Iliopoulos,
Meyer (1972) based on Adler-Bardeen theorem (1967). Not known regularization
ensuring WI at cut-off finite.

@ QCD, asymptotic freedom Gross and Wilczeck (1971); infrared mass generations of
quarks and gluons (no mass by hand in SU(n)). Also there relation between rcc by
WI. Mass generation.
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A SHORT RECAP

@ Weak forces; adding electron and boson mass ”by hands” breaks renormalizability
and WI (due to chiral forces). Electroweak theory Weinberg (1967), mass generated
by Higgs. Renormalizability 't Hooft (1971); crucial that the longitudinal part cancel
(decrease of divergence degree). True only if anomalies cancel Bouchiat, Iliopoulos,
Meyer (1972) based on Adler-Bardeen theorem (1967). Not known regularization
ensuring WI at cut-off finite.

@ QCD, asymptotic freedom Gross and Wilczeck (1971); infrared mass generations of
quarks and gluons (no mass by hand in SU(n)). Also there relation between rcc by
WI. Mass generation.

@ Several prediction in Cond Mat and stat phys, BCS, Hall, exponents, ....
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PArT 11

SOME CLASSICAL RESULTS IN MATHEMATICAL PHYSICS
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RG AND TREES

@ The Wilson RG was used by Gallavotti RMP 1985, Gallavotti and Nicolo” CMP 1983
to write correlations in ¢ (and related models) as series in the rcc Y-, a,v)" with
concrete bounds |a,| < C"n! with C independent on & (this correspond to the proof
of perturbative renormalizability using RG).
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RG AND TREES

@ The Wilson RG was used by Gallavotti RMP 1985, Gallavotti and Nicolo’ CMP 1983
to write correlations in ¢ (and related models) as series in the rcc Y-, a,v)" with
concrete bounds |a,| < C"n! with C independent on & (this correspond to the proof
of perturbative renormalizability using RG).

@ This was based on the GN-tree expansion. V¥ =3

PN

SII ‘\ll : E

VN4 VINED)

1ST(V n)

nn'
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RG AND TREES

@ The Wilson RG was used by Gallavotti RMP 1985, Gallavotti and Nicolo” CMP 1983
to write correlations in ¢ (and related models) as series in the rcc Y-, a,v)" with
concrete bounds |a,| < C"n! with C independent on & (this correspond to the proof
of perturbative renormalizability using RG).

@ This was based on the GN-tree expansion. VN = Zn 71,5 2(Vvin)
T, x_< _<
Vi (N+1) VIN+)

=
N

. <

VIERI MASTROPIETRO (UNIVERSITY OF ROME-ACCADE CRITICAL REVIEW OF CONSTRUCTIVE QFT APRIL 28, 2026 18 /45



RG AND TREES

@ The Wilsonian RG produces a structure of clusters corresponding to trees on the
graphs.
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@ The Wilsonian RG produces a structure of clusters corresponding to trees on the
graphs.

@ The tree and clusters were used by Feldman, Hurd, Rosen, Wright (1988) for QED. n!
bounds were proved with momentum cut-off
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RG AND TREES

@ The Wilsonian RG produces a structure of clusters corresponding to trees on the
graphs.

@ The tree and clusters were used by Feldman, Hurd, Rosen, Wright (1988) for QED. n!
bounds were proved with momentum cut-off

@ the WI are violated and recovered only in the limit of removed cut-off (non
perturbatively cannot be removed-WTI keeps corrections with momentum cut off); in
addition non gauge invariant counterterm A%, A*
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RG AND TREES

@ The Wilsonian RG produces a structure of clusters corresponding to trees on the
graphs.

@ The tree and clusters were used by Feldman, Hurd, Rosen, Wright (1988) for QED. n!
bounds were proved with momentum cut-off

@ the WI are violated and recovered only in the limit of removed cut-off (non
perturbatively cannot be removed-WTI keeps corrections with momentum cut off); in
addition non gauge invariant counterterm A%, A*

TE.?

¢ as [Karplus_Knoll_1950], together
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RG AND FLOW EQUATIONS

@ Another approach based on RG to perturbative renormalizability was given by
Polchinski (Nucl Phys 1984, nice review in arxiv 9210046) based on flow equations.
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RG AND FLOW EQUATIONS

@ Another approach based on RG to perturbative renormalizability was given by
Polchinski (Nucl Phys 1984, nice review in arxiv 9210046) based on flow equations.

@ This method was used by Keller Kopper (CMP 1996) to prove order by
renormalizability order by order of QED4; momentum regularization breaking WI.
Again one needs conuterterms A%, A2;
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RG AND FLOW EQUATIONS

@ Another approach based on RG to perturbative renormalizability was given by
Polchinski (Nucl Phys 1984, nice review in arxiv 9210046) based on flow equations.

@ This method was used by Keller Kopper (CMP 1996) to prove order by
renormalizability order by order of QED4; momentum regularization breaking WI.
Again one needs conuterterms A%, A2;

@ The WI are recovered order by order removing cut-off (not expected non
perurbatively). Extended to YM in Kopper CMP 1999
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BASIC NON PERTURBATIVE RESULTS: FERMIONS

@ A crucial idea to get non-perturbative results for fermions is that there are
cancellations (Caianiello Nuovo Cimento 1956) implemented by determinant Gram
bounds.
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BASIC NON PERTURBATIVE RESULTS: FERMIONS

@ A crucial idea to get non-perturbative results for fermions is that there are
cancellations (Caianiello Nuovo Cimento 1956) implemented by determinant Gram
bounds.

@ This can be combined with the Brydges-Battle-Federbush formula (Brydges Les
Houches 1984); it is a representation of £7 as sum of trees of propagators and
determinants

ET WP i v(Pa) =3 [[ o [ dprdetG
T leT
It allows to prove easily convergence of a single RG step; the tree is used to integrate
over coordinates and det bounded.
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BASIC NON PERTURBATIVE RESULTS: FERMIONS

@ A crucial idea to get non-perturbative results for fermions is that there are
cancellations (Caianiello Nuovo Cimento 1956) implemented by determinant Gram
bounds.

@ This can be combined with the Brydges-Battle-Federbush formula (Brydges Les
Houches 1984); it is a representation of £7 as sum of trees of propagators and

determinants
ET WP i v(Pa) =3 [[ o [ dprdetG

T leT
It allows to prove easily convergence of a single RG step; the tree is used to integrate
over coordinates and det bounded.

@ Not used in the first non perurbative construction of a rernormalizable model with i.r.
cut-off, the GNy model which is asymptotically free, h > 0, Aj ~ 1= )\ ;- Gawedzki,
Kupiainen (CMP 1985) and in Feldman, Magnen, Rivasseau, Seneor (CMP 1987):
phase cell decomposition and Mayer and cluster expansion.
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NON PERTURBATIVE RESULTS: FERMIONS

@ The super-renormalizable Yukawas model was constructed sing BBF and Gram
bounds in Lesniewski CMP 1987.

VIERI MASTROPIETRO (UNIVERSITY OF ROME-ACCADE CRITICAL REVIEW OF CONSTRUCTIVE QFT APRIL 28, 2026



NON PERTURBATIVE RESULTS: FERMIONS

@ The super-renormalizable Yukawas model was constructed sing BBF and Gram
bounds in Lesniewski CMP 1987.

@ The RG for the Jellium model (very close to the infrared GNg wth N = 1) was done
in Benfatto Gallavotti Mastropietro PRB 1999 (pert), Benfatto Gallavotti Procacci
Scoppola CMP 1992 (non pert) using GN tree expansion and BBF formula. infrared
line of fixed points and vanishing of beta function by indirect argument from the
exact solutions and later direct RG proof by WI Benfatto Mastropietro CMP 2004.
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NON PERTURBATIVE RESULTS: FERMIONS

@ The super-renormalizable Yukawas model was constructed sing BBF and Gram
bounds in Lesniewski CMP 1987.

@ The RG for the Jellium model (very close to the infrared GNg wth N = 1) was done
in Benfatto Gallavotti Mastropietro PRB 1999 (pert), Benfatto Gallavotti Procacci
Scoppola CMP 1992 (non pert) using GN tree expansion and BBF formula. infrared
line of fixed points and vanishing of beta function by indirect argument from the
exact solutions and later direct RG proof by WI Benfatto Mastropietro CMP 2004.

@ Mass generation in infrared GNs for large N by mapping in boson Kopper CMP 1995
(related to non linear o model Kupianen CMP 1980 ); ”"gap” between the u.v. and i.r.
regime.
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NON PERTURBATIVE RESULTS: FERMIONS

@ The super-renormalizable Yukawas model was constructed sing BBF and Gram
bounds in Lesniewski CMP 1987.

@ The RG for the Jellium model (very close to the infrared GNg wth N = 1) was done
in Benfatto Gallavotti Mastropietro PRB 1999 (pert), Benfatto Gallavotti Procacci
Scoppola CMP 1992 (non pert) using GN tree expansion and BBF formula. infrared
line of fixed points and vanishing of beta function by indirect argument from the
exact solutions and later direct RG proof by WI Benfatto Mastropietro CMP 2004.

@ Mass generation in infrared GNs for large N by mapping in boson Kopper CMP 1995
(related to non linear o model Kupianen CMP 1980 ); ”"gap” between the u.v. and i.r.
regime.

@ Gawedzki Kupiainen Nucl Phys (1985) defined an epsilon expansion for fermions in
the uv. Epsilon expansion for the ir and analyticity of exponents and fixed point for
simplectic fermions with non-local kinetic energy by Giuliani Mastropietro Ryckov
Scola CMP 2024. Application in cond mat, Jellium or Hubbard finite T in 2d, ext FS.
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NON PERTURBATIVE BOSONS: ¢* AND YM

@ ¢3 (superren) ultraviolet stability Benfatto Gallavotti et al. CMP 1980 by RG. The
infrared ¢} (marginally irrelevant) with uv cut-off in Gawedzki, Kupiainen CMP
1985, Magnen Seneor Rivasseou CMP 1986, Bauerschmidt Brydges Slade 2019;
g-expansion Brydges Mitter CMP 2003, Abdesselam CMP 2006
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NON PERTURBATIVE BOSONS: ¢* AND YM

° gbg (superren) ultraviolet stability Benfatto Gallavotti et al. CMP 1980 by RG. The
infrared ¢} (marginally irrelevant) with uv cut-off in Gawedzki, Kupiainen CMP
1985, Magnen Seneor Rivasseou CMP 1986, Bauerschmidt Brydges Slade 2019;
g-expansion Brydges Mitter CMP 2003, Abdesselam CMP 2006

@ pure YMy is asymptotically free and in the i.r. one expects a mass generation ; QCD.
In Balaban CMP 1984-89 YM, (previously YM; superrren) contruction of the uv
problem (no corr..) with volume i.r. cut-off and a lattice regularization preserving
gauge invariance, block spin; method used in uv QEDj3 (superren) Dimock AHP 2022.
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NON PERTURBATIVE BOSONS: ¢* AND YM

° gbg (superren) ultraviolet stability Benfatto Gallavotti et al. CMP 1980 by RG. The
infrared ¢} (marginally irrelevant) with uv cut-off in Gawedzki, Kupiainen CMP
1985, Magnen Seneor Rivasseou CMP 1986, Bauerschmidt Brydges Slade 2019;
g-expansion Brydges Mitter CMP 2003, Abdesselam CMP 2006

@ pure YMy is asymptotically free and in the i.r. one expects a mass generation ; QCD.
In Balaban CMP 1984-89 YM, (previously YM; superrren) contruction of the uv
problem (no corr..) with volume i.r. cut-off and a lattice regularization preserving
gauge invariance, block spin; method used in uv QEDj3 (superren) Dimock AHP 2022.

@ Magnen Rivasseau CMP 1993 special gauge fixed, momentum cut-off. Breaking of
gauge invariance destroy relations between rcc; counterterms —AA? positive.
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problem (no corr..) with volume i.r. cut-off and a lattice regularization preserving
gauge invariance, block spin; method used in uv QEDj3 (superren) Dimock AHP 2022.

@ Magnen Rivasseau CMP 1993 special gauge fixed, momentum cut-off. Breaking of
gauge invariance destroy relations between rcc; counterterms —AA? positive.

@ Main problem: Mass generation removal of infrared cut off. ”Simpler” problem of the
generation of the BCS mass gap for Jellium in d = 2 + 1 but it was never completed
(problem connecting the 2 regimes again).
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NON PERTURBATIVE BOSONS: ¢* AND YM

° gbg (superren) ultraviolet stability Benfatto Gallavotti et al. CMP 1980 by RG. The
infrared ¢} (marginally irrelevant) with uv cut-off in Gawedzki, Kupiainen CMP
1985, Magnen Seneor Rivasseou CMP 1986, Bauerschmidt Brydges Slade 2019;
g-expansion Brydges Mitter CMP 2003, Abdesselam CMP 2006

@ pure YMy is asymptotically free and in the i.r. one expects a mass generation ; QCD.
In Balaban CMP 1984-89 YM, (previously YM; superrren) contruction of the uv
problem (no corr..) with volume i.r. cut-off and a lattice regularization preserving
gauge invariance, block spin; method used in uv QEDj3 (superren) Dimock AHP 2022.

@ Magnen Rivasseau CMP 1993 special gauge fixed, momentum cut-off. Breaking of
gauge invariance destroy relations between rcc; counterterms —AA? positive.

@ Main problem: Mass generation removal of infrared cut off. ”Simpler” problem of the
generation of the BCS mass gap for Jellium in d = 2 + 1 but it was never completed
(problem connecting the 2 regimes again).

@ Several recent results in the collaboration of this conference for bosons and fermions
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QED or EW

@ The cut-off cannot be removed in EW sector of the SM (triviality, in ¢* Froelich 1982
d > 4 Aizenman Duminil Copin (2019) d = 4. The main mathematical problem is
here to construct the theory up to a large exponential cut-off for "reasonable”
parameters (eg m/ My ~ 107% o ~ 1/137 very small). Eg explain g — 2. Largely
unsolved even for QED : only Fermi theory exists but there the cut-off is a power law.
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d > 4 Aizenman Duminil Copin (2019) d = 4. The main mathematical problem is
here to construct the theory up to a large exponential cut-off for "reasonable”
parameters (eg m/ My ~ 107% o ~ 1/137 very small). Eg explain g — 2. Largely
unsolved even for QED : only Fermi theory exists but there the cut-off is a power law.

@ The main problem is that to control the flow one has to prove relations between rcc
and reduction of degree of divergence , "morally” provided by WI which are ruined by
cut-offs in RG (not small contribution).
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@ The cut-off cannot be removed in EW sector of the SM (triviality, in ¢* Froelich 1982
d > 4 Aizenman Duminil Copin (2019) d = 4. The main mathematical problem is
here to construct the theory up to a large exponential cut-off for "reasonable”
parameters (eg m/ My ~ 107% o ~ 1/137 very small). Eg explain g — 2. Largely
unsolved even for QED : only Fermi theory exists but there the cut-off is a power law.

@ The main problem is that to control the flow one has to prove relations between rcc
and reduction of degree of divergence , "morally” provided by WI which are ruined by
cut-offs in RG (not small contribution).

@ One needs the vanishing of longitudinal part and reduction of degree of divergence
from non renormalizable to renormalizable (hearth of t” Hooft proof); the WI must
hold at finite cut-off. In QED possible with lattice but in not in EW-anomalies must
cancel (non renormalization of anomalies at finite lattice).
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QED or EW

@ The cut-off cannot be removed in EW sector of the SM (triviality, in ¢* Froelich 1982
d > 4 Aizenman Duminil Copin (2019) d = 4. The main mathematical problem is
here to construct the theory up to a large exponential cut-off for "reasonable”
parameters (eg m/ My ~ 107% o ~ 1/137 very small). Eg explain g — 2. Largely
unsolved even for QED : only Fermi theory exists but there the cut-off is a power law.

@ The main problem is that to control the flow one has to prove relations between rcc
and reduction of degree of divergence , "morally” provided by WI which are ruined by
cut-offs in RG (not small contribution).

@ One needs the vanishing of longitudinal part and reduction of degree of divergence
from non renormalizable to renormalizable (hearth of t” Hooft proof); the WI must
hold at finite cut-off. In QED possible with lattice but in not in EW-anomalies must
cancel (non renormalization of anomalies at finite lattice).

@ decomposition of bosons and fermions. Control of irrelevant quantities as g — 2 and
non renormalization of anomalies. Let us see some results in this direction.
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PaArt II1

SOME RECENT RESULT VIA RENORMALIZATION GROUP
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MAsSIVE QED?2

@ Paradigmatic model; Massive QED2 . The formal continuum model is
S(A, ) = [di% (LF,, Fp, + SM2 AL A, +0(i0 + ie A, )y + 36(4AL)?)

VIERI MASTROPIETRO (UNIVERSITY OF ROME-ACCADE CRITICAL REVIEW OF CONSTRUCTIVE QFT APRIL 2.



MAsSIVE QED?2

@ Paradigmatic model; Massive QED2 . The formal continuum model is
S(A) = [ d%e (§FuuFupy + g MPAL A, +(i0 + iedu )y + 56(u44)%)

@ Perturbatively with dimensional regularization (Georgi-Rawls 1971) p,(ju.p; jv,—p) =0
and p, <jz,p;ju,—p> = %E,Wpu, &-independence, finite bare parameters; decrease of
divergence degree; from renormalizable to superrenormalizable; Adler-Bardeen
non-renormalization of anomaly. Toy model for QED or EW.
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@ Paradigmatic model; Massive QED2 . The formal continuum model is
S(A) = [ d%e (§FuuFupy + g MPAL A, +(i0 + iedu )y + 56(u44)%)

@ Perturbatively with dimensional regularization (Georgi-Rawls 1971) p,(ju.p; jv,—p) =0
and p, <jz,p;ju,—p> = %E,Wpu, &-independence, finite bare parameters; decrease of
divergence degree; from renormalizable to superrenormalizable; Adler-Bardeen
non-renormalization of anomaly. Toy model for QED or EW.

@ Formal exact solutions (Sommerfield 1962, Hagen 1967). Vanishing bare wave
function renomalization (anomaly) Z = 0" with n > 0 and anomaly ¢ %z—:u’,,pﬂ;
depends on the regularization (¢ = 1/2 with momentum). Different from perturbative
results.
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MAsSIVE QED?2

@ Paradigmatic model; Massive QED2 . The formal continuum model is

= [ 4% (Fup Fup + 5 MP Ay Ay + (10 + iedp) + 56(,44)°)

@ Perturbatively with dimensional regularization (Georgi-Rawls 1971) p,(ju.p; jv,—p) =0
and p, <jz,p;ju,—p> = —€u.Pu, §-independence, finite bare parameters; decrease of
divergence degree; from renormalizable to superrenormalizable; Adler-Bardeen
non-renormalization of anomaly. Toy model for QED or EW.

@ Formal exact solutions (Sommerfield 1962, Hagen 1967). Vanishing bare wave
function renomalization (anomaly) Z = 0" with n > 0 and anomaly ¢ %z—:u’,,pﬂ;
depends on the regularization (¢ = 1/2 with momentum). Different from perturbative
results.

@ Lattice regularization with Wilson term (not solvable)

JW(II50) / P(dA) / (dip) e VO + VA+T6)+ BT, 0)
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MAsSIVE QED?2

— ; A —
@ V is obtained by P(d¢) replacing @Z)xieu(eiwb V2 adus Dby, Ve=va*> Y1, B
source, jfj = Z59,75v¢; v mass counterterm WI and £ independence.The constant Zs
is fixed requiring the charge of j° is the same as j (amputated < jiip >).
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MAsSIVE QED?2

@ V is obtained by P(d) replacing &xieu(eizebMaA“’” — Dby, Ve=va*> Y1, B
source, jZ = Z59,75v¢; v mass counterterm WI and £ independence.The constant Zs
is fixed requiring the charge of j° is the same as j (amputated < jiip >).

@ Theoremlf €% < gy independent on L, a, for suitable v, Zs (massless case) the

correlations are given by convergent expansions, the limit L — oo exists, < Uy >
diverges as 1/|k|**", n = O(e?) and

R R 1
pH<]Z,p;JV7—p> = ;Ev,upu + O(’p‘Q)

The result holds for arbitrarily small lattice steps and L, a (uniformly in cut-off ir or
uv, limits can be taken ); non renormalization of anomaly. There is no wave function
renormalization and reduction of divergence degree. Relation between the rcc due to
WI at each step. Same feature as in EW or QED. Mastropietro, Phys Rev D 2022,
based on Fabbri, Mas., Renzi arxiv 2602.03705 and Benfatto Mas. CMP 2004.
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MAsSIVE QED?2

@ Two regimes: the uv 4* > M and the i.r. 4* < M. In the uv cancellations by partial
decomposition of determinants extracting propagators without generating n! in BFF
formula. Essential ¢ independence (WI,reduction of divergence degree). The lattice
produce an effective interaction non quartic; superrenormalizable, like a lattice Y2.
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@ Two regimes: the uv 4* > M and the i.r. 4* < M. In the uv cancellations by partial
decomposition of determinants extracting propagators without generating n! in BFF
formula. Essential ¢ independence (WI,reduction of divergence degree). The lattice
produce an effective interaction non quartic; superrenormalizable, like a lattice Y2.

@ In the ir. regime renormalized GN tree expansion in terms of rcc (renormalizable)

that is A\, (¢¥*), Z), (YOV), Zﬁ] (Ayp). Singular wave function Zj ~p_oo 7~ — 00.
)\0 ~ 62.
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MAsSIVE QED?2

@ Two regimes: the uv 4* > M and the i.r. 4* < M. In the uv cancellations by partial
decomposition of determinants extracting propagators without generating n! in BFF
formula. Essential ¢ independence (WI,reduction of divergence degree). The lattice
produce an effective interaction non quartic; superrenormalizable, like a lattice Y2.

@ In the ir. regime renormalized GN tree expansion in terms of rcc (renormalizable)
that is A\, (¢¥*), Z), (YOV), Zﬁ] (Ayp). Singular wave function Zj ~p_oo 7~ — 00.
)\0 ~ 62.

@ Anomalous integration; rescale at each integration step the field v/\/Z;,. It works
only if the rcc are not independent (similar to QEDy Z} = Z3).

Mo~ NZE Z) ~ 7

Need to prove such relations; beta function vanishes, not determined by lowest order.
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MAsSIVE QED?2

@ Two regimes: the uv 4* > M and the i.r. 4* < M. In the uv cancellations by partial
decomposition of determinants extracting propagators without generating n! in BFF
formula. Essential ¢ independence (WI,reduction of divergence degree). The lattice
produce an effective interaction non quartic; superrenormalizable, like a lattice Y2.

@ In the ir. regime renormalized GN tree expansion in terms of rcc (renormalizable)
that is A\, (¢¥*), Z), (YOV), Zﬁ] (Ayp). Singular wave function Zj ~p_oo 7~ — 00.
)\0 ~ 62.

@ Anomalous integration; rescale at each integration step the field v/\/Z;,. It works
only if the rcc are not independent (similar to QEDy Z} = Z3).

Mo~ XoZh Zi ~ 7,
Need to prove such relations; beta function vanishes, not determined by lowest order.

@ In addition the anomaly get contributions also from the irrelevant terms; they need to
cancel at every order to get the AB property.
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THE REGULARIZED THIRRING MODEL

@ Both problems are faced introducing a “reference model” with the same IR fixed
point; it is defined in the continuum has global phase and chiral phase symmetry.
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THE REGULARIZED THIRRING MODEL

@ Both problems are faced introducing a “reference model” with the same IR fixed
point; it is defined in the continuum has global phase and chiral phase symmetry.

@ It is a regularized non local Thirring , model. It is the "fixed point” for a large class
of models z € [0, L) no lattice

/P(d¢(§N))€S\Z2;\fdwdyv(w—y)ij,zp,y-‘rzw ZF [ dzdt opwwtZ™ [ dedy wpe,s

with ¥ = ¢1,9_1, gu(k) = %_ifg)(fzuk, w =+ xn(k) is a smooth non vanishing for
v < |k] <AV, v(z — y) a short range symmetric potential with range s (regularized
6) and p,,x = Y7 ¥ ;- Constructed in Benfatto Mastropietro CMP 2004 (even
k — 0, diverging Z ~ k™)

@ Two regime infrared and ultraviolet. The infrared very similiar to the massive QEDo;
same rcc. If the flow of the rcc can be controlled in this model is also the QEDs.

VIERI MASTROPIETRO (UNIVERSITY OF ROME-ACCADE CRITICAL REVIEW OF CONSTRUCTIVE QFT APRIL 28, 2026 29 /45



THE REGULARIZED THIRRING MODEL

@ The momentum cut-off produces a violation of WI One obtains, D, (k) = —iky + wk;

L, ooy oo . -
<L >~ <V Vhipr >

D, < ﬁp,w@z)zwﬂz)lz—i—p,w > +AN(k’p) = 5%4«) Z[

where Ay =< 5ﬁp7w1/’lj,w'¢k_+p,w’ > with

ppw = / dk[(¢y' (b + p) = D) Dok + p) = (X3 (k) = 1) Du (W5 05
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THE REGULARIZED THIRRING MODEL

@ The momentum cut-off produces a violation of WI One obtains, D, (k) = —iky + wk;

L, ooy oo . -
<L >~ <V Vhipr >

D, < ﬁp,w@z)zwﬂz)lz—i—p,w > +AN(k’p) = 5%4«) Z[

where Ay =< 5pApvw1[}/_c|—,w’1[}k_+p,w’ > with
Ofpaw = / dk[(xy" (k+p) = 1) Du(k + p) = (X' (k) = D DBy, p

@ We can analyze the Ay by RG. It is not vanishing even if —h, N — oo and one gets

. _ A~ A~ ’\_A'_ T
h}}\lfllwo An(k,p) = 7o(p)D-w(p) < Pp,—wwkwﬂbkﬂ,w/ >

: _ A
with 7 = Too-

simple form.

Both the current and the axial current are not conserved but have a
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EMERGING WARD IDENTITIES

. “yw@
wOwQ 08
G G

The §j term has at least a field at scale N; in all the terms exept the first there is a gain.
The bubble with the 07 term gives 1/4m.
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THE REGULARIZED THIRRING MODEL

@ With finite h andN — oo there are extra corrections O(y"). Crucial to get WT at
finite h; the correlation of the model with cut-off 4% give information on the rcc of the
model with no cut-off at scale h. Z/ = (1+ O(\))Z,
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THE REGULARIZED THIRRING MODEL

@ With finite h andN — oo there are extra corrections O(y"). Crucial to get WT at
finite h; the correlation of the model with cut-off 4% give information on the rcc of the
model with no cut-off at scale h. Z/ = (1+ O(\))Z,

@ Combined with Schwinger.-Dyson equation gives the needed informations for the rcc
at scale h \p ~ )\Z}%; this implies vanishing of the beta functions also for the lattice
model.
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THE REGULARIZED THIRRING MODEL

@ With finite h andN — oo there are extra corrections O(y"). Crucial to get WT at
finite h; the correlation of the model with cut-off 4% give information on the rcc of the
model with no cut-off at scale h. Z/ = (1+ O(\))Z,

@ Combined with Schwinger.-Dyson equatlon gives the needed informations for the rcc
at scale h \p ~ )\Z}%; this implies vanishing of the beta functions also for the lattice
model.

@ In addition one has in the reference model exact relations in the limit —h, N — oo
exact WI for current and chiral current, if

IF =< jy >, Ty =< ooy >, 8 =< gy >, T3, =< joj, >

et . . ANy
7 S =Skt pluw=Jm a5

(1F 7)pu L (k, p) =

puf5 _ ZtZ~ gy

pv = drgT () Note that both the WI have anomalies (due to momentum cut
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MASSIVE QEDy AND THE CHIRAL ANOMALY

@ The 2 models differs by irrelevant terms; one can choose Z, \, Z* so that the rcc
becomes asymptotically equal, if Fiyy(p) is the current-current in massive QEDo

%, (p) = 2515, ,(p) + Ruw(p)

where now R, ,(p) is continuos while f’f“,(p) is not. Instead I',, S differ by
subleading terms.
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MASSIVE QEDy AND THE CHIRAL ANOMALY

@ The 2 models differs by irrelevant terms; one can choose Z, \, Z* so that the rcc
becomes asymptotically equal, if Fiyy(p) is the current-current in massive QEDo

D () = 2585 (0) + R (1)
where now R, ,(p) is continuos while f’f“,(p) is not. Instead I',, S differ by

subleading terms. ,
@ The Z* )\, Z are non trivial unknown functions; however by comparison with the

lattice WI Z(i;) = 1; from the Z° definition Z(f;) = Zs Z(i_r-r) = 1 from which
Zs = (1+1)£&.
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MASSIVE QEDy AND THE CHIRAL ANOMALY

@ The 2 models differs by irrelevant terms; one can choose Z, \, Z* so that the rcc
becomes asymptotically equal, if F5 l,( ) is the current-current in massive QED»

05 ,(p) = Z5I%,(p) + Ruw(p)

where now R, ,(p) is continuos while PZ,V(P) is not. Instead I',, S differ by
subleading terms. ,
@ The Z* )\, Z are non trivial unknown functions; however by comparison with the

lattice WI #;) = 1; from the Z° definition Z(f;) = Zs Z(i_r-r) = 1 from which
Zs = (1+71)£&

@ Finally p,,f’fl,l,(p) = Z;rg; fi’ﬁ% + pu Ry (p) = 0 we get
R, .,(0) = —ZQ:é; (ff;) = —(1 4 7)eyu/Zs (crucial that R(p) is continuous) hence

pufz,y(p) = ZSPu[fi,u(p) + Ruw(p)] = [(1 = 7)epy — (L4 7)ewulpu/4m = 1/27e 000
that isall the dependence of the coupling disappears up to subleading terms .
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UNIVERSALITY CLASS

@ Wide class of systems belonging to the same universality class and similar arguments
can be used to prove universality results for not solvable models:
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UNIVERSALITY CLASS

@ Wide class of systems belonging to the same universality class and similar arguments
can be used to prove universality results for not solvable models:

@ The 1d Jellium, the Luttinger model. The Thirring model massive or massless
(m!+7) axioms, Coleman equivalence. Benfatto Falco Mastropietro CMP 2006
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UNIVERSALITY CLASS

@ Wide class of systems belonging to the same universality class and similar arguments
can be used to prove universality results for not solvable models:

@ The 1d Jellium, the Luttinger model. The Thirring model massive or massless
(m!+7) axioms, Coleman equivalence. Benfatto Falco Mastropietro CMP 2006

@ Coupled Ising models, Ashkin-Teller, Vertex Benfatto Falco Mas CMP 2011,
Kadanoff relations z;z_ = 1 (pionereed in Pinson-Spencer ’00 in the Ising class)
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UNIVERSALITY CLASS

@ Wide class of systems belonging to the same universality class and similar arguments
can be used to prove universality results for not solvable models:

@ The 1d Jellium, the Luttinger model. The Thirring model massive or massless
(m!+7) axioms, Coleman equivalence. Benfatto Falco Mastropietro CMP 2006

@ Coupled Ising models, Ashkin-Teller, Vertex Benfatto Falco Mas CMP 2011,
Kadanoff relations z;z_ = 1 (pionereed in Pinson-Spencer ’00 in the Ising class)

@ Interacting non-solvable Dimer models Giuliani, Mastropietro, Toninelli AHP 2015,
CMP 2020; height function convergens to a massless gaussian field with covariance
—% log |z|; A is function of the interaction A such that A = v, 2v the exponent of
the oscillating part of the dimer correlation A(0) =1 (combining with ideas from
Kenyon, Okounkov Sheffield. AoM (2006)).
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UNIVERSALITY CLASS

@ Wide class of systems belonging to the same universality class and similar arguments
can be used to prove universality results for not solvable models:

@ The 1d Jellium, the Luttinger model. The Thirring model massive or massless
(m!+7) axioms, Coleman equivalence. Benfatto Falco Mastropietro CMP 2006

@ Coupled Ising models, Ashkin-Teller, Vertex Benfatto Falco Mas CMP 2011,
Kadanoff relations z;z_ = 1 (pionereed in Pinson-Spencer ’00 in the Ising class)

@ Interacting non-solvable Dimer models Giuliani, Mastropietro, Toninelli AHP 2015,
CMP 2020; height function convergens to a massless gaussian field with covariance
—% log |z|; A is function of the interaction A such that A = v, 2v the exponent of
the oscillating part of the dimer correlation A(0) =1 (combining with ideas from

Kenyon, Okounkov Sheffield. AoM (2006)).
@ The Hall bulk-edge correspondence in Hall insulators Porta Mastropietro CMP 2022
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UNIVERSALITY CLASS

@ Wide class of systems belonging to the same universality class and similar arguments
can be used to prove universality results for not solvable models:

@ The 1d Jellium, the Luttinger model. The Thirring model massive or massless
(m!+7) axioms, Coleman equivalence. Benfatto Falco Mastropietro CMP 2006

@ Coupled Ising models, Ashkin-Teller, Vertex Benfatto Falco Mas CMP 2011,
Kadanoff relations z;z_ = 1 (pionereed in Pinson-Spencer ’00 in the Ising class)

@ Interacting non-solvable Dimer models Giuliani, Mastropietro, Toninelli AHP 2015,
CMP 2020; height function convergens to a massless gaussian field with covariance
—% log |z|; A is function of the interaction A such that A = v, 2v the exponent of
the oscillating part of the dimer correlation A(0) =1 (combining with ideas from
Kenyon, Okounkov Sheffield. AoM (2006)).

@ The Hall bulk-edge correspondence in Hall insulators Porta Mastropietro CMP 2022

@ Recent result (Bianchessi Mas Porta);extend to several flavors and prove 0, jZ =0

under Y e? =" ¢% in a lattice ; there are graphs mixing flavors but they cancel.
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LATTICE FERMION-VECTOR MODEL

@ We can consider massive lattice QEDy4; Adler-Bardeen (1966) say order by order
pMHfLW7 = —ﬁsaﬂ,,wpépg + €20 + €*0 + ... if m = 0 absence of radiative
corrections (formally without cut-off) (Hz o0 =< Jujpjo >)-perturbative proof based
on dimensional regularization; diverging series. Integrating out the boson field again
one reduces to a fermionic theory (essentially Fermi theory with cutoff-irrelevant).
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LATTICE FERMION-VECTOR MODEL

@ We can consider massive lattice QEDy4; Adler-Bardeen (1966) say order by order
pMHfLW7 = —ﬁsaﬂ,,wpépg + €20 + €*0 + ... if m = 0 absence of radiative
corrections (formally without cut-off) (Hz o0 =< Jujpjo >)-perturbative proof based
on dimensional regularization; diverging series. Integrating out the boson field again
one reduces to a fermionic theory (essentially Fermi theory with cutoff-irrelevant).

@ Giuliani Mastropietro Porta CMP 2021
Theorem If €2 < g9(Ma)? the limit L — oo of correlations exists and, if
| = maz(|p1l, [p2|)

1
5 1,2 3
pMHu,p,o == 127_[_2 EanBvVvUpap(T + O(|p| )

Adler Bardeen non-renormalization at finite lattice.
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LATTICE FERMION-VECTOR MODEL

@ We can consider massive lattice QEDy4; Adler-Bardeen (1966) say order by order
pMHfLW7 = —ﬁsaﬂ,,wpépg + €20 + €*0 + ... if m = 0 absence of radiative
corrections (formally without cut-off) (Hz o0 =< Jujpjo >)-perturbative proof based
on dimensional regularization; diverging series. Integrating out the boson field again
one reduces to a fermionic theory (essentially Fermi theory with cutoff-irrelevant).

@ Giuliani Mastropietro Porta CMP 2021
Theorem If €2 < g9(Ma)? the limit L — oo of correlations exists and, if
| = maz(|p1l, [p2|)

p,uHZ,p,o = _ﬁea,ﬂ,u,apépg + O(|p|3)
Adler Bardeen non-renormalization at finite lattice.

@ The construction holds up to cut-off of the O(1/e?) (Fermi theory is analytic).
Crucial role of irrelevant terms. It is an essential ingradient for the SM with cut-off

VIERI MASTROPIETRO (UNIVERSITY OF ROME-ACCADE CRITICAL REVIEW OF CONSTRUCTIVE QFT APRIL 28, 2026 35/45



ANOMALIES IN 4D QFT

@ By multiscale RG analysis one gets the following decomposition in a more and less

regular part
. VAVAYA .
Hz,u,a(pla p2) = HTIM,V,U(plﬂ p2) + Hi,y,a(plv p2)

where 1, 5(p1, p2) is the 3-point function in the non-interacting case in the
continuum with momentum cut-off. Continuous but not differentiable; HBMU (p1,p2)
is differentiable with Holder continuous in py, po.
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ANOMALIES IN 4D QFT

@ By multiscale RG analysis one gets the following decomposition in a more and less
regular part
~ Zﬁ YAV
H,u,,u,cr (pla Pz) = TIM,V,U (pla P2) + Hp,,z/ O’(p17 p2)

where 1, 5(p1, p2) is the 3-point function in the non-interacting case in the
continuum with momentum cut-off. Continuous but not differentiable; Hu v.o (P15 P2)
is differentiable with Holder continuous in pq, po.

@ [ does not conserve current Z (p1,p + P2.u) uvo(P1,2) = 67r2 Y a 5 P1,aP2,580pv0-
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ANOMALIES IN 4D QFT

@ By multiscale RG analysis one gets the following decomposition in a more and less
regular part
~ Zﬁ YAV
H,u,,u,cr (pla Pz) = TIM,V,U (pla P2) + Hp,,z/ O’(p17 p2)

where 1, 5(p1, p2) is the 3-point function in the non-interacting case in the
continuum with momentum cut-off. Continuous but not differentiable; Hu v.o (P15 P2)
is differentiable with Holder continuous in pq, po.

@ [ does not conserve current Z (p1,p + P2.u) uvo(P1,2) = 67r2 Y a 5 P1,aP2,580pv0-

@ Z°=1+0(e*),Z; =1+ 0(€*),Z =1 + O(e?) Ward Identity implies Z; = Z The
condition on Z° says Z° = Z
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ANOMALIES IN 4D QFT

@ By multiscale RG analysis one gets the following decomposition in a more and less

regular part
~ ZSZJZJ
]'_‘[/.L,I/,O'(pl’ p2) = TIM,V,U(plﬂ p2) + H‘u,l/ U(pl? p2)

where 1, 5(p1, p2) is the 3-point function in the non-interacting case in the
continuum with momentum cut-off. Continuous but not differentiable; Hu v.o (P15 P2)
is differentiable with Holder continuous in pq, po.

@ [ does not conserve current Z (p1,p + P2.u) uvo(P1,2) = 67r2 Y a 5 P1,aP2,580pv0-

@ Z°=1+0(e*),Z; =1+ 0(€*),Z =1 + O(e?) Ward Identity implies Z; = Z The
condition on Z° says Z° = Z

@ Expanding H at first order and fixing derivatives by current conservation.
> pl,uﬁz,y,g(pl,pz) = (0 we compute pHHipU using the decomposition of II® and get
the anomaly non renormalization
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ANOMALIES IN 4D QFT

@ A similar argument can be used to prove the exact quantization of Hall conductivity
o = ne?/h or the universlity of transport coefficients in graphene o = €2/h(m/2).
Giuliani Mastropietro Porta CMP 2011, CMP 2015. Exact independence from the
interaction. Graphene Geim e al 2008
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ANOMALIES IN 4D QFT

@ A similar argument can be used to prove the exact quantization of Hall conductivity
o = ne?/h or the universlity of transport coefficients in graphene o = €2/h(m/2).
Giuliani Mastropietro Porta CMP 2011, CMP 2015. Exact independence from the
interaction. Graphene Geim e al 2008

100

light transmittance (%)
g

@ Close argument implies cancellation of anomalies (Mastropietro AHP 2022) with
cut-off O(1/¢?) in a lattice chiral gauge theory with condition >, ef’ L= D ei Ry in
this regime the only contributing is the triangle but with higher cut-off some
cancellation is needed (but found in d = 2)
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HIGHER CUT-OFFS

@ The result holds up to a cut-off A ~ 1/a; this is due to the fact that we integrate the
boson and reduce to a Fermi theory.
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HIGHER CUT-OFFS

@ The result holds up to a cut-off A ~ 1/a; this is due to the fact that we integrate the
boson and reduce to a Fermi theory.

@ To improve one should perform a multiscale analysis also for bosons in the regime
> M (the same in M = 0).
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HIGHER CUT-OFFS

@ The result holds up to a cut-off A ~ 1/a; this is due to the fact that we integrate the
boson and reduce to a Fermi theory.

@ To improve one should perform a multiscale analysis also for bosons in the regime
> M (the same in M = 0).

@ One produces couplings Zj, (), Z} (Auju), Zi (A0%A), My, (A%), ZE (AY), my, (¥?)
; by proceeding as in QFED> considering a reference model with an infrared cut-off A
and deriving WI for each h using that the scales < h are superrrenormalziable one get
relations Zﬁ ~ Zp, ep~ 1/ Z,‘;‘ and My, Z}% bounded in h. No counterterms: difference
between Feldman et al in QED4 or Magnen Rivasseou in YMy.
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HIGHER CUT-OFFS

@ The result holds up to a cut-off A ~ 1/a; this is due to the fact that we integrate the
boson and reduce to a Fermi theory.

@ To improve one should perform a multiscale analysis also for bosons in the regime
> M (the same in M = 0).

@ One produces couplings Zj, (), Z} (Auju), Zi (A0%A), My, (A%), ZE (AY), my, (¥?)
; by proceeding as in QFED> considering a reference model with an infrared cut-off A
and deriving WI for each h using that the scales < h are superrrenormalziable one get
relations Zﬁ ~ Zp, ep~ 1/ Z,‘;‘ and My, Z}% bounded in h. No counterterms: difference
between Feldman et al in QED4 or Magnen Rivasseou in YMy.

@ Done order by order (Giuliani, Fabbri, Falconi, Mastropietro 2025)-hopefully control
on large fields. Need to prove non reonormalizazion of anomaly in renormalizable
regime (maybe needs marginal irrelevance? or cancellations as in 2d-issue related to
graphene).
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g—2

@ Finally let us return to g — 2; consider the Standard Model as an effective theory
valid up to certain energy scales and therefore requiring an energy cutoff, and prove
that it can be taken large enough so that it agrees the perturbative computations at
lowest order, up to a mall error, in a physical range. A large to see no effect of it but
not too much to see divergence.
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g—2

@ Finally let us return to g — 2; consider the Standard Model as an effective theory
valid up to certain energy scales and therefore requiring an energy cutoff, and prove
that it can be taken large enough so that it agrees the perturbative computations at
lowest order, up to a mall error, in a physical range. A large to see no effect of it but
not too much to see divergence.

@ Perturbatively a = (g —2)/2, contribution EW a =} Ay me"gy
a = ¢e*/(hc) = 1/137,.. and g2 = 47a/ sin? Oy with sin? 0y = 0,232... Weak
contributions. Jackiw Weinberg (1972) Aogggv = az1 + aw,1 and

2 2 2 2
om” 1 1-5k m m
GZ,lz)\ ﬁHT |:1+O<2>:| :Gz?l |:1+O<2>:|

where A = gy (4sin® 0y — 1)/(4cosOw), k = (4sin? 0y — 1)1, M = My The
contribution of weak forces is much smaller than e.m. by a factor m?/M? ~ 107°.
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NEUTRAL CONTRIBUTION TO ¢ — 2

@ Contribution of the weak Z boson to g — 2 (similar to QED but with a massive boson)
Regularization with finite cutoff A; the contribution to g — 2 is aff (A = gw).
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NEUTRAL CONTRIBUTION TO ¢ — 2

@ Contribution of the weak Z boson to g — 2 (similar to QED but with a massive boson)
Regularization with finite cutoff A; the contribution to g — 2 is aff (A = gw).

@ Gyromagnetic factor aﬁ can be defined the K-th Taylor polynomial of A evaluated at
z=1im, A(z) = %4, P, = (2,0,0,0),
Q(2) = 6[(14+7) (P, ), F(2) = 2€ane[y’ (147°) (0 —0p) “T* (P2, ) 71 +2[7al “ (P2, 1

(corrections powers of m/M << 1). I'* =< jﬁﬂﬁw >
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NEUTRAL CONTRIBUTION TO ¢ — 2

@ Contribution of the weak Z boson to g — 2 (similar to QED but with a massive boson)
Regularization with finite cutoff A; the contribution to g — 2 is aff (A = gw).

@ Gyromagnetic factor aﬁ can be defined the K-th Taylor polynomial of A evaluated at

z = im, A(Z) = %47 Pz = (Za 070)0)’

Q(2) = 6[(1+y)E(pzy p2)], F(2) = zeanely® (149°) (0 =) T (02, p2) Y1207l (9215

(corrections powers of m/M << 1). I'* =< jﬁﬂﬁw >
@ Derivatives of I'* =< j,i1) > (irrelevant)
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NEUTRAL CONTRIBUTION TO ¢ — 2

@ Contribution of the weak Z boson to g — 2 (similar to QED but with a massive boson)
Regularization with finite cutoff A; the contribution to g — 2 is aff (A = gw).

@ Gyromagnetic factor aﬁ can be defined the K-th Taylor polynomial of A evaluated at

z = im, A(Z) = %47 Pz = (Za 070)0)’

Q(2) = 6[(1+y)E(pzy p2)], F(2) = zeanely® (149°) (0 =) T (02, p2) Y1207l (9215

(corrections powers of m/M << 1). I'* =< jﬁﬂﬁw >
@ Derivatives of I'* =< j,i1) > (irrelevant)

@ Remark: ¢ is used to compute «, as transport coefficients like graphene or Hall
conductivity. In one case is a truncated series, in the other is believed exact
expression. Why? RG explains this, see below
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NEUTRAL CONTRIBUTION TO ¢ — 2

@ Mastropietro Phys. Rev. D 2024; Mastropietro Bianchessi 2025 arxiv510.02092
Theorem For A2 < C~Y(M?/A?) log*Q(M/m) in the infinite volume limit

M? )\2A2 M
o — R IR < G+ O A gt ()

with az1 = ° B the perturbative Jackiw—Weinberg result and C; constants.

M242
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NEUTRAL CONTRIBUTION TO ¢ — 2

@ Mastropietro Phys. Rev. D 2024; Mastropietro Bianchessi 2025 arxiv510.02092
Theorem For A2 < C~Y(M?/A?) log*Q(M/m) in the infinite volume limit

M? )\2A2 M
o — R IR < G+ O A gt ()

with az1 = M2 g 2B the perturbative Jackiw—Weinberg result and C; constants.

@ The result is close to the truncation of the formal series (whose sum does not exist).
The second term in R, includes the difference between lower orders. The third is an
estimate of the contribution of all higher-order diagrams. The lowest order is
O(m?/M?) so one needs to extra this factor from any term.
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NEUTRAL CONTRIBUTION TO ¢ — 2

@ Mastropietro Phys. Rev. D 2024; Mastropietro Bianchessi 2025 arxiv510.02092
Theorem For A2 < C~Y(M?/A?) log*Q(M/m) in the infinite volume limit

M? )\2A2 M
o — R IR < G+ O A gt ()

with az1 = ° B the perturbative Jackiw—Weinberg result and C; constants.

M2 4 e

@ The result is close to the truncation of the formal series (whose sum does not exist).
The second term in R, includes the difference between lower orders. The third is an
estimate of the contribution of all higher-order diagrams. The lowest order is

O(m?/M?) so one needs to extra this factor from any term.

@ One need M/A small to make the second term small; then the third terms is small if
A << (M/A)log= (M /m). Upper and lower bound.
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1. NEUTRAL CONTRIBUTION TO g — 2

@ g — 2 (irrelevant) has only contributions from terms containing irrelevant interactions
while contributions with only marginal terms cancel.Cancellation producing the
factor m/M in the estimate of higher orders. Due only to the tree structure (not
diagrams) without expanding in graphs.
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1. NEUTRAL CONTRIBUTION TO g — 2

@ g — 2 (irrelevant) has only contributions from terms containing irrelevant interactions
while contributions with only marginal terms cancel.Cancellation producing the
factor m/M in the estimate of higher orders. Due only to the tree structure (not
diagrams) without expanding in graphs.

@ It is the opposite mechanism with respect the anomaly (marginal) in which the
contribution containing irrelevant vanishes ; this explains why in one case is a series
in the other not
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1. NEUTRAL CONTRIBUTION TO g — 2

@ g — 2 (irrelevant) has only contributions from terms containing irrelevant interactions
while contributions with only marginal terms cancel.Cancellation producing the
factor m/M in the estimate of higher orders. Due only to the tree structure (not
diagrams) without expanding in graphs.

@ It is the opposite mechanism with respect the anomaly (marginal) in which the
contribution containing irrelevant vanishes ; this explains why in one case is a series
in the other not

@ One would like to improve to A < log™*(A/M)log™2(M/m)) i.e. exponentially large
cutoffs In this case the WI are not preserved even with the lattice, anomaly should
cancel and relations between rcc must be found.
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TREES AND DIAGRAMS

Figure 1: Fourth order diagram with the same structure as [Karplus_ Knoll _1950|, together
with corresponding tree.




TREES AND DIAGRAMS

o2\’
H W” < [ 22 . ,yfh*fh* . ,YBhg . ,}/3h27h2 . ,y*hl . ,y2(h*7h3)
-\ M? ——— ~— —— ~—~— —_———
“~———— h* cluster hg cluster ho cluster hy cluster
Endpoints

2
W] < <0A2A2> 2 =N)+2(ha=N) =20

- 7(h3—h*)'(0—2)+(h2—hs)'(—3—0)+(h1—hz)‘(—3—0)
M 9y

CN2A2N\® e CNV_2H (g )0 (i o — 1) (g o o
H I/]/H < 5 .72(]1 N) .72(h2 N)—2h .7(% h*)-0+(h2—h3)-(—1)+(h1—h2)-( 1)'
- M

|| < CXIA® I 2t (R k)04 (he—ha)-(—1)H+(ha—ha)-(—1)
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CONCLUSIONS

@ From Newton Principia (1713) to Cauchy (~ 1823) there is more than a century....

REVIEW OF CONSTRU



CONCLUSIONS

@ From Newton Principia (1713) to Cauchy (~ 1823) there is more than a century....

@ hence we are still on schedule for QFT
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